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Abstract
We analyse the equivalence between topologically massive gauge theory
(TMGT) and different formulations of non-topologically massive gauge theo-
ries (NTMGTs) in the canonical approach. The different NTMGTs studied
are Stu¨ckelberg formulation of (A) a first order formulation involving one and
two form fields, (B) Proca theory, and (C) massive Kalb-Ramond theory. We
first quantise these reducible gauge systems by using the phase space exten-
sion procedure and using it, identify the phase space variables of NTMGTs
which are equivalent to the canonical variables of TMGT and show that un-
der this the Hamiltonian also get mapped. Interestingly it is found that the
different NTMGTs are equivalent to different formulations of TMGTs which
differ only by a total divergence term. We also provide covariant mappings
between the fields in TMGT to NTMGTs at the level of correlation function.
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Massive gauge theories have been a subject of intense study with popular approach being
the Higgs mechanism. The fact that the Higgs Boson is yet experimentally elusive, forces
an intense study of alternate models displaying gauge invariant massive spin-1 fields. One
such model which is being studied at both abelian and non-abelian level [1] is toplogically
massive gauge theory (TMGT), known as B∧F theory, where one and two form gauge
fields are coupled in a gauge invariant way. B∧F theory has also found applications in
areas like Josphson junction arreys, black hole physics etc,. [2]. There also exist other non-
topologically massive gauge theories (NTMGTs), wherein Stu¨ckelberg fields are added with
a compensating transformation [3], such that the mass term in the Lagrangian is gauge
invariant. The reason for this nomenclature is, as explained below, the equations of motion
for the former case vanishes as an identity whereas for the latter they vanish as a consequence
of other equations of motion. The purpose of this paper is to study the relationship between
these two apparently different formulations. Equivalence of degrees of freedom between
TMGT and Proca theory and their higher dimensional generalizations has been shown in
[4]. The NTMGTs studied here are Stu¨ckelberg formulations of (A) a first order formulation
involving one and two form fields, (B) Proca theory, and (C) massive Kalb-Ramond(K-R)
theory described below ( cf: (29),(45) and (50) respectively). Non-abelian version of (A),
with out the Stu¨ckelberg fields have been discussed in [5]. The massive Stu¨ckelberg form of
K-R theory has been studied in [6] and has also occured in a description of confining string [7].
The equivalence of the first one of the above to B∧F theory has been established recently by
phase space path integral approach [8]. Duality equivalence, following Buscher’s procedure
[9] was established between TMGT and NTMGTs (B and C) [10]. But a complete analysis
of the equivalence between TMGT and NTMGTs from the Hamiltonian formulation is still
lacking. Also these systems by themselves are interesting due to their interesting constraint
structure. In this paper we analyse, from the canonical frame work, the equivalence between
B∧F theory and NTMGTs by providing a mapping between the phase space variables of
TMGT to free NTMGTs which render the same algebra in the respective reduced phase
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spaces. This mapping between the canonical variables also map the corresponding canonical
Hamiltonians and the equations of motion. Interestingly it is found that different NTMGTs
gets mapped to different formulations of TMGT which differ only by a total divergence.
We point out that evaluation of Dirac brackets for these reducible systems following the
phase space extension approach developed recently in [11] by itself is a new result. We also
provide an equivalence at the level of corelators for the field in configuration space between
the TMGT and NTMGTs. This paper is organised in the following way: In section I we
study the Hamiltonian formulation of the model given in (1), and quantise it by enlarging
the phase space by introducing a pair of new canonical coordinates and obtain the Dirac
brackets. In section II we quantize the three different spin-one NTMGTs, taking into account
of the reducibility in the same way. In section III, we find the mapping between the phase
space variables of B∧F theory to the Stu¨ckelberg formulations which generates the same
algebra of canonical variables in the reduced phase space. We conclude with discussion in
section IV.
We use the metric gµν = diag(1,−1− 1− 1) and ǫ0123 = 1.
Section I
The Lagrangian for the abelian B∧F theory is given by
L = −
1
4
FµνF
µν +
1
2× 3!
HµνλH
µνλ +
m
4
ǫµνρλB
µνF ρλ, (1)
where Fµν and Hµνλ are the field strengths associated with the fields Aµ and Bµν . The
equation of motion following from this Lagrangian are
∂µF
µν +
m
3!
ǫναβλHαβλ = 0, (2)
and
∂µH
µνλ −m ǫνλαβ∂αAβ = 0. (3)
It is easy to see that this system describes a free spin-one theory by solving the linearly
coupled equations (2) and (3). Since the divergence of (2) and (3) vanishes as an identity,
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the Lagrangian (1) is said to describe TMGT. This should be contrasted with NTMGTs
given in section II, where the divergence of equations of motion vanish only after using other
equations of motion.
The primary constraint following from the Lagrangian are Π0 and Π0i which are the
momentum conjugates of A0and B0i respectively. The momenta, from which velocities are
inverted , are given by,
Πi = −F0i +
m
2
ǫ0ijkB
jk, (4)
Πij = H0ij . (5)
The canonical Hamiltonian following from this Lagrangian is,
Hc = −
1
2
ΠiΠ
i +
1
4
ΠijΠ
ij +
1
4
FijF
ij −
1
2× 3!
HijkH
ijk
+
m2
4
BlmB
lm +
m
2
ǫ0ijkΠ
iBjk (6)
The consistancy of the primary constraints leads to the secondary constraints,
Ω = ∂iΠ
i, (7)
Λi = − ∂
jΠij +
m
2
ǫ0ijkF
jk (8)
Note that these are first class and (8) is reducible; ∂iΛi = 0. The gauge -fixing conditions
for these constraint are given by
∂iAi ≈ 0, (9)
ωi = ∂jB
ij ≈ 0. (10)
Here the gauge-fixing condition ∂jB
ij ≈ 0 is also not linearly independent.
In usual Dirac procedure, one first isolate the linearly independent constraints, and then
procede to construct the Dirac brackets [12]. But this elimination can not be done uniquely.
More over, in general, the linearly independent constraints obtained in this way do not
generate all those transformations under which the Lagrangian is invariant. Both these
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deffects can be avoided in the phase space extension method developed in [11]. Here one
handles the reduciblity by modifying the constraints itself. In this method one enlarges the
phase space by introducing a pair of canonically congugate auxiliary variables p, and q with
{p(x) , q(y)}PB = − δ(~x− ~y). (11)
The modified constraint and the coresponding gauge-fixing condition become,
Λ˜i = − ∂
jΠij +
m
2
ǫ0ijkF
jk + ∂ip ≈ 0, (12)
ω˜ = ∂jB
ij + ∂iq ≈ 0. (13)
Note that constraints are no longer reducible. The primary first class constraints have the
gauge -fixing conditions,
A0 ≈ 0, (14)
Boi ≈ 0. (15)
The non-vanishing Dirac brackets, computed using the modified constraints are now given
by,
{
Ai(x) , Π
l(y)
}∗
=
(
δli +
∂l∂i
∇2
)
δ(x− y), (16)
{
Bij(x) , Π
lm(y)
}∗
=
[(
δliδ
m
j − δ
m
i δ
l
j
)
+
1
∇2
(
δli∂j∂
m − δmi ∂j∂
l − δlj∂i∂
m + δmj ∂i∂
l
)]
δ(x− y),
(17)
{Πi(x) , Πlm(y)}
∗ = −
m
∇2
(ǫ0ilj∂m − ǫ0imj∂l) ∂
jδ(x− y). (18)
(16, 17, and 18) are in agreement with the Dirac brackets obtained by other methods [13].
Note that the Dirac brackets are independent of the new variables p and q. Once the
Dirac brackets are evaluvated, we can implement the constraints strongly. Hence, on the
constraint surface, ∂iΛ˜i = −∇
2p = 0 . This sets the auxiliary variable p = 0. In the same
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way we get q = 0. Thus the new variables introduced to handle reducibility vanish on the
constraint surface and do not appear in the final Dirac brackets.
Next we study in the same manner two other equivalent formulations of B∧F theory
(differing only by a total divergence), where the topological term is H∧A or (B∧F − H∧A).
We refer them as H∧A and symmetric B∧F formulations respectively. The reason for this
study is that these different formulations map naturaly to the different formulations of
NTMGTs.
Instead of +m
4
ǫµνρλB
µνF ρλ term in (1), now we consider − m
2×3!
ǫµνρλH
µνρAλ (H∧A
formulation). The primary constraints remain the same, but the momenta for the uncon-
strained fields are now,
Πi = −F0i, (19)
Πij = H0ij − mǫ0ijkA
k. (20)
and the structure of the secondary constraints are changed to
Ω = ∂iΠ
i +
m
2
ǫ0ijk∂
iBjk (21)
Λi = ∂
jΠij . (22)
The canonical Hamiltonian now reads,
Hc = −
1
2
ΠiΠ
i +
1
4
ΠijΠ
ij +
1
4
F ijFij −
1
2× 3!
HijkH
ijk +
m
2
ǫoijkΠ
ijAk −
m2
2
AiA
i (23)
Note again that the second constraint (22) is a reducible one, which can be handled in the
same way as in (12) and (13). The Dirac brackets {Ai,Π
j}∗and{Bij,Π
lm}∗ remains the same
as (16) and (17) while that between the momenta now reads,
{Πi , Πlm} =
m
∇2
ǫ0lmj∂i∂
jδ(x− y). (24)
Next we give the constraint structure of (1), where the mass term is written symmetrically
as +m
8
ǫµνρλB
µνF ρλ + − m
4·3!
ǫµνρλH
µνρAλ . Primary constraints again remain same and the
secondary constraints are now,
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Ω = ∂iΠi +
m
4
ǫ0ijk∂
iBjk, (25)
Λi = ∂
jΠij +
m
4
ǫ0ijkF
jk. (26)
Here too, one of the constraints (26) is reducible. The canonical Hamiltonian will now read
Hc = −
1
2
(Πi +
m
4
ǫ0ijkBjk)(Πi +
m
4
ǫoilmB
lm) +
1
4
(Πij +mǫoijkA
k)(Πij +mǫ0ijlAl)
+
1
4
F ijFij −
1
2× 3!
H ijkHijk (27)
The non-vansihing Dirac bracket (16) and (17) remains same while that between the mo-
menta will now become
{Πi,Πjk}
∗ =
m
2∇2
[
ǫ0jkl∂i∂
l − (ǫ0jmi∂k − ǫ0kmi∂j)∂
m
]
δ(~x− ~y) (28)
Section II
In this section we quantise the three different Stu¨ckelberg formulations (A, B, and C)
The Lagrangian describing (A) is
L = −
1
4
(Hµν − Cµν)(H
µν − Cµν) +
1
2
(Gµ + ∂µΘ)(G
µ + ∂mΘ)
−
1
4m
ǫµνλσH
µν∂λGσ −
1
4m
ǫµνλσ∂
mHνλGσ, (29)
where Cµν = (∂µCν−∂νCµ). This Lagrangian is invariant under the transformationsδ(Gµ) =
∂µΛ, δ(Θ) = −Λ, and δ(Hµν) = (∂µΛν − ∂νΛµ), δ(Cµ) = Λµ. Note that when Λµ = ∂µω,
Hµν is invariant implying the reducible nature of the constraints.
The primary constraints following from this Lagrangian are
Π0, Π0i, Π˜0, (30)
Ωi = (Πi −
1
4m
ǫoijkH
jk), (31)
Λij = (Πij +
1
2m
ǫ0ijkG
k). (32)
The canonical Hamiltonian and the secondary constraints are
Hc =
1
4
(Hij − Cij)(H
ij − C ij)−
1
2
(Gi + ∂iΘ)(G
i + ∂iΘ)−
1
2
Π˜iΠ˜
i +
1
2
(ΠΘ)
2, (33)
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Λ = ΠΘ +
1
2m
ǫ0ijk∂
iHjk, (34)
Λi = −Π˜i +
1
m
ǫ0ijk∂
jGk, (35)
ω = (∂iΠ˜i) (36)
In the above, Π˜µ are the conjugate momenta corresponding to Cµ fields and ΠΘ is the
conjugate momentum of Θ. Following Fadeev and Jackiw, [14] we imppose the symplectic
conditions(31) and (32) strongly. This results a non-vanishing bracket
{Gi , Hij}pb = −mǫ0ijkδ(~x− ~y). (37)
Since ∂iΛi + ω = 0, this theory is reducible.
As in the previous section, we introduce auxiliary phase space variables p and q obeying
(11) and modify Λi to Λ˜i + ∂ip to handle reducibility.
We choose the gauge fixing conditions to be
∂iGi ≈ 0, (38)
∂lH
ml + ∂mq ≈ 0, (39)
∂iCi ≈ 0. (40)
Now the non-vanishing Dirac bracekts are
{Gi(x) , Hjk(y)}
∗ = −m
[
ǫoljk(δ
l
i +
∂i∂
l
∇2
) +
1
∇2
(ǫoijl∂k − ǫ0ikl∂j)∂
l
]
δ(~x− ~y), (41)
{Gi(x) , Cj(y)}
∗ =
m
∇2
ǫoijk∂
kδ(~x− ~y), (42)
{Hij(x) , θ(y)}
∗ =
m
∇2
ǫoijk∂
kδ(~x− ~y), (43)
{Π˜i(x) , C
j(y)}∗ = −
[
δ
j
i +
∂i∂
j
∇2
]
δ(~x− ~y). (44)
Next we consider the Lagrangian describing (B),
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L = −
1
4
FµνF
µν +
1
2
(mAµ − ∂µΦ)(mA
µ − ∂µΦ). (45)
This is the well studied Stu¨ckelberg - Proca Lagrangian and not a reducible system. We
give the Dirac brackets, which are rather well known. The Hamiltonian follwoing from this
Lagrangian is
Hc = −
1
2
ΠiΠ
i +
1
2
Π˜Π˜ +
1
4
FijF
ij −
m2
2
AiA
i +mAi∂
iΦ−
1
2
∂iΦ∂
iΦ, (46)
and the constraints Π0 ≈ 0, ω = (∂
iΠi −mΠ˜) ≈ 0, are first class. The non-vanishing Dirac
brackets evaluvated in Coloumb gauge are
{Ai , Π
j}∗ = (δji +
∂i∂
j
∇2
)δ(~x− ~y), (47)
{Π˜ , Φ}∗ = −δ(~x− ~y), (48)
{Πi , Φ}
∗ =
m
∇2
∂iδ(~x− ~y). (49)
The Lagrangian describing (C) is
L =
1
2× 3!
HµνλH
µνλ −
1
4
(mBµν − Φµν)(mB
µν − Φµν), (50)
where Φµν = (∂µΦν − ∂νΦµ), and Φµ is the Stu¨ckelberg field. The canonical Hamiltonian
following from this Lagrangian is
Hc =
1
4
ΠijΠ
ij −
1
2
ΠiΠ
i −
1
2× 3!
HijkH
ijk +
1
4
(mBij − φij)(mB
ij − φij), (51)
The persistence of the primary constraints Π0 ≈ 0, and Π0i ≈ 0 give the Gauss law
constraints,
ω = ∂iΠi ≈ 0, (52)
Λi = −(∂
jπij +mπi) ≈ 0. (53)
All these constraints are first class. Here, we have ∂iΛi + mω = 0, which implies that
Λi and ω are not linearly independent and thus the Stu¨ckelberg formulation given by the
Lagrangian (50) describes a reducible gauge system.
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Here also we handle reducible constraints and their gauge fixing conditions in the same
way as we have done in the other two reducible theories by enlarging the phase space by
introducing auxilliary variables p and q obeying (11). The modified constraint and gauge
fixing condition are
Λ˜i = −∂
jΠij −mΠi + ∂ip, (54)
Θ˜i = ∂
lBil + ∂iq, (55)
and corresponding to the generator ω, we choose the gauge condition
∂iΦi ≈ 0. (56)
The non-vanishing Dirac brackets are
{Πij(x) , B
lm(y)}∗ = −
[
(δliδ
m
j − δ
m
i δ
l
j) +
1
∇2
(∂j∂
mδli − ∂j∂
lδmi − ∂i∂
mδlj + ∂i∂
lδmj )
]
δ(~x− ~y),
(57)
{Πi(x) ,Φ
j(y)}∗ = −(δji +
∂i∂
j
∇2
)δ(~x− ~y), (58)
{Πij(x) , Φ
l(y)}∗ =
m
∇2
(∂iδ
l
j − ∂jδ
l
i)δ(~x− ~y). (59)
This completes the Hamiltonian analysis of NTMGTs.
Section III
In this section, from the considerations of the algebra of phase space variables in the
reduced phase space of the NTMGTs and TMGT, we arrive at the following corespondance
between the canonical variables.
The mappings between the phase space variables of symmetric B∧F theory and NTMGT
(A) is
(Πl +
m
4
ǫ0lmnBmn)BF ↔
1
2
ǫ0lmn(Hmn − Cmn)A, (60)
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(Πlm +
m
2
ǫ0lmnAn)BF ↔ ǫ
0lmn(Gn + ∂nΘ)A, (61)
(
1
3!
ǫ0ijkHijk)BF ↔ (ΠΘ)A, (62)
(
1
2
ǫ0ijkF
jk)BF ↔ (Π˜i)A, (63)
(Ai)BF ↔
1
m
(Gi)A, (64)
(Bij)BF ↔
1
m
(Hij)A. (65)
Under this map the Dirac brackets (41),(42),(43)and (44) and the Hamiltonian (33) of the
Stu¨ckelberg theory (29) gets mapped to that of symmetric B∧F theory.
In the case of the Stu¨ckelberg formulation described by(45), the mapping
(Πij)BF ↔ (−ǫoijk∂
kφ)B, (66)
(Bij)BF ↔ (−
1
∇2
ǫoijk∂
kΠ˜)B, (67)
(Ai)BF ↔ (Ai)B, (68)
(Πi)BF ↔ (Πi)B, (69)
transform the Dirac brackets(47), (48) and (49) and the Hamiltonian of (46) to that of H∧A
theory(23).
From the Dirac bracket structure of (50) and B∧F the following mappings can be ob-
tained,
(Πi)BF ↔ (ǫ0ijk∂
jΦk)C , (70)
(Ai)BF ↔ (
1
∇2
ǫ0ijk∂
jΠk)C , (71)
(Bij)BF ↔ (Bij)C , (72)
(Πij)BF ↔ (Πij)C , (73)
under which the Dirac brackets(57), (58) and (59) and the Hamiltonian of Stu¨ckelberg
formulation(51) gets mapped to that of B∧F theory (1).
Thus in the case of the mapping from TMGT to (B), the two form field and its conjugate
momentum undergo a canonical transformation and in the case of mapping from TMGT to
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(C), the vector field and its momentum transform canonically.
It can be checked that these identifications also map their respective Hamiltonian equa-
tions of motions.
Section IV
We have found the mappings betwen the canonical variables of NTMGTs (A), (B),
and (C) to B∧F , H∧A and symmetric B∧F formulations respectively. This is consistent
with our earlier observation that the B∧F and H∧A formulations go over to (C) and (B)
respectively by Buscher’s duality procedure. This is understandable as Buscher’s procedure
is itself is known to be a canonical transformation [15]. The first order Stu¨ckelberg theory
was also shown to be equivalent to symmetric B∧F theory by phase space path integral
approach, which is in agreement with what is observed here. Thus this analysis in the
canonical approach neatly complements the earlier studies.
The Gauss law constraint (7) and its gauge fixing condition in the case of B∧F theory
can be solved uniquely on the reduced phase space to get Πi = ǫoijk∂
jψk and Ai = ǫ0ijk∂
jχk.
Here ψi is an arbitrary field and χk is its conjugate momentum. These solutions, after
idetifying ψi andχi with the Stu¨ckelberg field and its momentum (scaled by a factor of
1
∇2
)
are same as the mappings (70) and (71). In the case of H∧A theory also we can solve
the Gauss law constraint (22) and its gauge fixing condition unquiely. These solutions,
also provide the same mappings (66) and (67). Thus the mapping of TMGTs to NTMGTs
depend on the form of the Gauss law constraints.
We can also bring out the identification between the fields of in TMGT and NTMTs in
a covariant way in Lagrangian formulation. For this purpose, couple the gauge invariant
(dual) field strengths F˜µν and H˜µ in B∧F theory to sources J
µν and Jµ respectively. By
following the Buscher’s duality procedure, as in [10], we get the dual Lagrangian to be that
of (50), with additional source dependent terms of the form
JµH˜µ −
1
4
JµνJ
µν +
1
2
(mBµν − φµν)J
µν .
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The sources have to be coupled to field strengths, rather than to the fields, so that there is
a global shift symmetry of the fields, needed for applying Buscher’s procedure. Thus we get
the identification, at the level of correlation function
〈
F˜µν(x), F˜λσ(y)
〉
BF
= −
〈
B˜µν(x), B˜λσ(y)
〉
C
+ (gµλgνσ − gµσgνλ) δ(x− y), (74)
where B˜µν = (mBµν − Φµν). Thus, apart from this contact term, we identify F˜µν in B∧F
theory to (mBµν − φµν) of the Stu¨ckelberg formulation (C). Similar analysis can be done
with the other equivalent formulation of B∧F theory (23), leading to the identification H˜µ
in H∧A theory to (mAµ − ∂µΦ) of the Stu¨ckelberg formulation of Proca theory (B). Also
by starting with the first-order Lagrangian (29) and using the same procedure we identify
(Gµ + ∂µΘ) and (Hµν − Cµν) of (29) to H˜µ and F˜µν respectively, of the symmetric B∧F
theory. All these identification are modulo non-propagating contact terms. Note that in all
cases gauge invariant filed strengths of TMGT get mapped to gauge invariant combination
of fields in NTMGTs.
It will be interesting to see whether the equivalence established here for free theories will
hold good for the interacting as well as for the non-abelian generalisations of the models
studied in this paper. Work along these lines is in progress.
Acknowledgements: We thank R. Banerjee for initial colloboration. We also thank V.
Srinivasan for encouragement. EH thanks U.G.C., India for support through S.R.F scheme.
13
REFERENCES
[1] E. Cremmer and J. Scherk, Nucl. Phys. B72, 117 (1971); D. J. Arias and L. Leal,
Phys. Lett. B404, 49 (1997); Theodere J. Allen, M. Bowick and A. Lahiri, Mod. Phys.
Lett. A6, 559, (1991); A. Lahiri, ”Generating vector Boson masses” hep-th/9301060;
A. Lahiri, Phys. Rev. D55, 5045, (1997); D. S. Hwang and Cheng-Yeong Lee, J. Math.
Phys. B72, 117, (1997); I. Oda and S. Yahikozawa, Prog. Theor. Phys. 83, 991, (1990).
[2] A. Aurilia and Y. Takahashi, Phys. Rev. D23, 752 (1981); M. C. Diamantini, P. So-
dano and C. A. Trugenberger, Nucl. Phys. B448, 505 (1995); B474, 641 (1996); A. P.
Balachandran and P. Teotonio-Sobrinho, Int. J. Mod. Phys. A9, 1569 (1994).
[3] E. C. G. Stu¨ckelberg, Helv. Phys. Acta 11, 255, (1938).
[4] I. Oda and S. Yahikozawa, Mod. Phys. Lett. A6, 295, (1991).
[5] D. Z. Freedman and P. K. Townsend, Nucl. Phys. B177, 282 (1981).
[6] A. Aurilia and Y. Takahashi, Prog. Theor. Phys. 66, 693 (1981); T. R. Govindarajan,
J. Phys. G8, 117 (1982).
[7] A. M. Polyakov, Nucl. Phys. B486, 23 (1997).
[8] E. Harikumar and M. Sivakumar, hep-th/9904183, (to appear in Nucl. Phys. B).
[9] T. H. Buscher, Phys. Lett. B194, 59 (1987); Phys. Lett. B201, 466, (1988); M. Rocek
and E. Verlinde, Nucl. Phys. B373, 630, (1992); C. P. Burgess and F. Quevedo, Nucl.
Phys. B121, 173 (1994).
[10] E. Harikumar and M. Sivakumar, Phys. Rev. D57, 3739 (1998).
[11] R. Banerjee and J. Barcelos-Neto, Ann. Phys. 265, 134 (1998).
[12] R. K. Kaul, Phys. Rev. D18, 1127 (1978).
14
[13] A. Lahiri, Mod. Phys. Lett. A8, 2403 (1993); J. Barcelos-Neto and M. B. D. Silva, Mod.
Phys. Lett. A11, 515 (1996).
[14] L. D. Fadeev and R. Jackiw, Phys. Rev. Lett. 60, 1692 (1988).
[15] E. Alvarez, L. Alvarez-Gaume and Y. Lozano, Phys. Lett. B336, 183 (1994); Y. Lozano,
Phys. Lett. B355, 165 (1995).
15
